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148. 


MEMOIR ON THE RESULTANT OF A SYSTEM OF TVO 
EQU ATIONS. 


LFrom the .Paəlosophacal Transacttons of the Royal Soctety of London, vol, OXLVİL for the 
d 
year 1857, pp. 703—715. Received December 18, 1856,—Read danuary 8, 1857.) 


THE Resultant of tvvo equations such as 
(a, b, ƏL yy 0, 
(p, g, -..iz, yy “0, 


is, it is vvell knovn, a function homogeneous in regard to the coeflicients of each 
equation separately, viz. of the degree nm in regard to the coefficients (a, 5, ...) of 
the first equation, and of the degree m in regard to the coefficients (p, q, ...) of 
the second equation, and it is natural to develope the resultant in the form 
kAP rk A"P" 4 £re,, vrhere A, 4”, 6rc. are the combinations (povrers and products) of 
the degree vn in the coefficients (a, 5, ...), P, P" öre, are the combinations of the 
degree m in the coefficients (p, q, ...), and k, 2” 6zc. are mere numerical ceoefflicients. 
The obyect of the present memoir is to shov” hov this may be conventently effected, 
either by the method of symmetriec funetions, or from the knovrn expression of the 
Resultant in the form of a determinant, and to exhibit the developed expressions for 
the resultant of tvro equations, the degrees of vvhich do not exceed 4. VVith respect 
to the first method, the formula in its best form, or nearly so, is given in the 
Algebra of Meyer Hirseh, İfor proper title see p. 4171, and the application of it is very 
easy vrhen the necessary tables are caleulated: as to this, see my “ Memoir on the 
Symmetrie Funetions of the Roots of an Equation”()). But vhen the expression for the 
Resultant of tevo equations is to be calculated vvithout the assistance of such tables, 
it is 1 think by far the most simple process to develope the determinant according 
to the second of the tvvo methods. 


1 Philosophical Transactions, 1857, pp. 489—497, 11471 


VVVVVV.TCİn.OTQ.pl 


148) MEMOIR ON THE RESULTANT OF A SYSTEM OF TVVO EQUATIONS. 441 


Consider first the method of symmetric funetions, and to fix the ideas, let the 
tvvro equations be 


(a, b, o, d”7z, yy — 0, 
(p, q, r” İz, yy 0. 
Then vriting 


(a, b, c, dYI, zy — a (1 — az) (1 — 82) (1 — yz), 


so that 
a 
27 983-ay-- By - (19), 
d 
"ıq x (19), 


the Resultant 1s 


(p, q: ra, 1) .(p, g, r38, Ty. o, q, rYy, 1) 
vhich is equal to 
v3 -k qr? (a -- 8 H-y) 4-pr? (a? H 8? 4.7) 4 pqr (28 - ağ? - Biy Biy” doya --y”a) 4 6ze,, 

or adopting the notation for symmetric functions used in the memoir above referred 
to, this 1s 

b s” 

(eg” (0) 

$pn O) 

bee s) 

“ pqr (21) 
bən 
“pPr (27) 
.. (217) 
İ-pq (69) 
İk (5, 


İhe lavr of vvhich is best seen by dividing by zr? and then vrriting 


b — p — 
1-u), 2-is) 
ünd similarly, 


2-11 “İ- 1) se, 
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the expression vvould then become 
1-1110) 4 12165) “ 17109) 4 121101 -T109) 4 (21062) 4 12712) 12711 (271) 4 1271009, 


vrhere the terms vvithin the İ 1 and ( ) are simply all the partitions of the numlbers 
1, 2, 3, 4, 5, 6, the greatest part being 2, and the greatest number of parts being 3. 
And in like manner in the general case vee have all the partitions of the numbers 
1, 2, 3,... mn, the greatest part being n, and the greatest number of parts being m. 


The symmetric functions (1), (2), (19), drc. are given in the Tables (5) of the 
Memoir on Symmetric Functions, but it is necessary to remark that in the Tables 
the first coefficient a is put equal to unity, and consequently that there is a povveer 
of the coefficient a to be restored as a, factor: this: is at once effected by the ceon- 
dition of homogeneity. And it is not by any means necessary to vvrite dovmn (as for 
clearness of explanation has been done) the preceding expression for the Resultant: 
any portion of it may be taken out directly from one of the Tables (5). For instance, 


the bracketed portion 
“ pqr (21), 


To (95, 
vrhich corresponds to the partitions of the number 3, is to be taken out of the 


Table 111(5). as follovs: a, portion of this Table (consisting as it happens of consecutive 
lines and columns, but this is not in general the case) is 


- dd öc 
(2ı) -1 


(r) 


, 


-3 


ə 


if in this vee omit the sign —, and in the outside line vrite for homogeneity ad 
instead of d, and in the outside column, first substituting q, p for 1, 2, then vrite 
for homogeneity pg? instead of pq, vve have 


ad bc 
par. 4-8 -1 
qı -1 


viz. pgr x (4- 8ad — 19c) q? (— 1ad), for the value of the portion in question , this is 
equivalent to 


par 45 
ad) x£31-1 
061 -—1 


in vhich form it constitutes a, part of the expression given in the sequel for the 
Resultant of the to functions in question and similarly the remainder of the expres- 
sion 1S at once derived from the Tables (9) L. to VL 


i 4 ZN $ 
, or as it may be more conveniently vritten, Şa 
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As a, specimen of a, mode of verification, it may be remarked that the Resultant 
quğ invariant ought, vvhen operated upon by the sum of the tvro operations, 


Sa0ı -E 250, 4 cöq and 220, 4 qo,, 


to give a result zero. "The results of the tuvo operations are originally obtained in the 
forms in the first and second columns, and the first column, and the second eolumn, 
vith. all the signs reversed, are respectively equal to the third column, and conse- 
quently the sum of the first and second columns vanishes, as it ought to do. 


Next to explain the second method, viz. the calculation of the resultant from the 
“Xpression in the form of a, determinant. 


Taking the same example as before, the resultant is 


Gü, b, ce, d 
"SAM Tal ər) 
p 9 
p 9 v 
p q, vr 


56—2 
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vrhich may be developed in the form 


--12. 
-l3. 
-—14. 
-—23. 
—15. 
— 24. 


--25 


“34. 
—35. 
“45. 


vrhere 13, 18, dec, are the terms of 


and 193, £örc. are the terms of 


D, q, 
viz. 12 1s the determinant formed vith 


as folloys :— 


345) 
245) 
235 
di 
234 
” 
. 134 

. 
124) 
123) 


1148 


the first and second oolumns of the upper 
matrix, 128 is the determinant formed vrith the first, second and third columns of 
the lover matrix, and in like manner for the analogous symbols. These determinants 
must be first calculated, and the remainder of the caleulation may then be arranged 
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vhere it is to be observed that the figures in the squares of the third column are 
obtained from those in the corresponding squares of the first and second columns by 
the ordinary rule for the multiplication of determinants,—taking care to multiply the 
dexter lines (ie. lines in the direction N) of the first square by the sinister lines 
(1.e. lines in the direction /) of the second square in order to obtain the sinister lines 
of the third square. Thus, for instance, the figures in the square 


ö 


are obtained as follovvs, viz. the first sinister line (4- 3, —1) by 
(-1 51)(-2 141)- 281-435, 
(-1L 141)(-1, 0)-—1-4-0--—1, 
and the second sinister line (— 1, 0) by 
(5 -öL 1)-0- Tə -—n 


(0, — 1)(-1, 0)-0H0-— 0. 
TI have caleulated the determinants required for the caleulation, by the preceding 
process, of the Resultant of tvo quartic equations, and have indeed used them for 
the verification of the expression as found by the method of symmetrie: funetions , as 


the determinants in question are useful for other purposes, 1 think the values are 
vorth preserving. 


Table of the Determinants of the Matrices, 


a, 5, 0, 4.67) 


o.” 0, 0, .Ə, “Ə 
o.” ce, 6, 
gu s, 
and 
( p 9 Tn $ () 
mm 8 
mok 5. 


m x 
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446 


arranged in the form adapted for the caleulation of the Resultant of the to quartic 


equations (a, 5, c, d, €ğə, yy c 0, and (o, q, r, s, (Üz, yy 


0, viz. 
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The Tables of the Resultants of tvvo equations vvhich 1 have calculated are as 
follovvs : 
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Table (2, 2). 
Resultant of 
(a, b, cİz, yy, 
(p, q, "İs, yy. 


gə ç” 


RESULTANT OF A SYSTEM 


Table (3, 2). 
Resultant of 
(a, b, c d7a, R 
(p, q, r “iz, yy. 


pe 
ik. 
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Table (4, 2). 
Resultant of 

(a, b, c, d, €İz, yy, 
(p, q, ")e, yy. 


L148 
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Table (3, 3). Table (4, 3). 
Resultant of Resultant of 
(a, b, c, dlə, yy, (a, b, c, d, €İz, yy, 
(b, g: r, sf, yy. (p, g, r, sİs, y). 


57 —2 
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Table (4, 4). 


Resultant of 


xo x 
ə 
Bs 
nə 
02 ə 
"Şö 
sök 
“S 
ar-v 
Ox” Sr” 


yə 
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